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Mismatch Errors in Cascade-Connected

Variable Attenuators*
G. E. SCHAFER anp A. Y. RUMFELTY

Summary—The treatment of mismatch errors is extended to
cover variable attenuators cascade-connected in a system which is
not free from reflections. The method of analysis is applicable to any
number of cascaded attenuators, but only the analysis of two and
three variable attenuators in cascade is presented. Graphs are given
to aid in estimating the limits of mismatch error.

In an example, which is considered representative of rigid rec~
tangular waveguide systems, the limits of error are: for two attenu-
ators in cascade, 0.19 db in a 3-db measurement, and 0.17 db in a
40-db measurement; and for three attenuators in cascade, 0.25 db
in a 40-db measurement, and 0.23 db in a 75-db measurement.

INTRODUCTION

T RRORS in attenuation caused by the interaction
1 of reflections from generator, attenuator, and load
mismatches are termed mismatch errors. Previ-

ous treatments of mismatch errors have considered vari-
able or fixed single attenuators in systems with reflec-
tions'? and cascaded fixed attenuators in reflection-
free systems.® In cases where the variable attenuator
to be calibrated has a very wide range (greater than 45
db), measurements are often made by using one or two
previously calibrated attenuators cascade-connected
with the test attenuator (a direct series substitution
method). Therefore, the analysis is extended to cas-
caded variable attenuators in a system which is not free
from reflections. Although the method of analysis em-
ployed is applicable to any number of variable attenu-
ators in cascade, only the cases of two or three variable
attenuators in cascade are presented. Graphs are pre-
sented which may be used to estimate the limits of mis-
match error in these two cases. An example is given of
the use of the graphs. Other sources of error such as the
accuracy of the original calibrations, leakage, noise, etc.,
are not considered here but must be taken into account
to obtain total limits of error in an actual calibration.

THEORY

In a direct series-substitution method of measuring
the attenuation? of a variable attenuator, the test at-
tenuator is connected in series with a reference (previ-
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ously calibrated or standard) attenuator. The total in-
sertion loss of the series-connected pair of attenuators
is adjusted to be the same at two different settings. The
relative attenuation of the test attenuator is taken to be
equal in magnitude to the relative attenuation of the
reference attenuator. This is in error because the stand-
ard attenuator is connected to a mismatched attenu-
ator, and also because the pair of attenuators are in-
serted in a mismatched system.

An expression can be derived for the insertion loss of
the pair of attenuators connected in cascade. From this,
an expression may be written for the difference between
the total insertion loss and the sum of the individual at-
tenuations. Inspection of this reveals that the error can
be separated into two convenient parts. One of these has
been previously worked out? in detail for fixed attenu-
ators and is readily extended to variable attenuators,
and the other is evaluated here by calculation of certain
quantities associated with the combination of attenu-
ators. This separation is performed in the following
analysis.

At the initial settings of the attenuators, one may
write the total insertion loss as

Li=Au+ Ay + ¢, 1)

where L; is the total insertion loss at the initial settings
of the attenuators, 4;; and A4,; are the attenuations of
the test and reference attenuators at the initial settings,
and ¢; is the difference between the insertion loss of the
pair in cascade and the sum of the individual attenua-
tions. At the final settings of the attenuators, a similar
expression for the total insertion loss may be written as

Ly = Ay + 4y + ¢, @)

where the symbols have the same meaning as in (1) ex-
cept that the subscript f refers to the final settings. The
adjustments of the attenuators are made in this way to
result in the initial and final total insertion losses being
equal, L;=L;, from which

(Ay — Aw) = (Ayi — A) + e, 3

where ey has been written for ¢;—¢,. This means that
the relative attenuation of the test attenuator may dif-
fer from the relative attenuation of the reference at-
tenuator by e7. This is the desired error. However, a
convenient separation may be made as follows. Rewrite

(3) as
(A + Arp) — (A + Ari) = er. 4)

Let A;and A be the attenuation at the initial and final
settings, respectively, of the combination of series-con-
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nected attenuators considered as a single attenuator
(called the combination attenuator in the remainder
of the paper). These may differ from the sums of the
individual attenuations by €, and ey, respectively, and
therefore one may write

Af == Atf + Arf + €cf (5)
Az = Ati + Ari + €ci. (6)

Substituting (5) and (6) into (4) yields
A5 — A; + ez = er, (7)

where € has been written for €;—e;s. The component e,
of the mismatch error is the difference between the at-
tenuation of the combination attenuator and the sums
of the attenuations of the individual attenuators. This
component may be evaluated by an extension of the re-
sults of Ref. 3 to include the case of variable attenuators
connected in cascade, and may be written as

1 — (f)Su”(f)Sn'l
1 — (i)Sllf'(i)S22" ’

ez = 20 logip (8)

where the front superscripts () and (f) refer to the initial

and final values, respectively; the primed S’s are ele-

ments of the scattering matrices® of the individual at-

tenuators, and the number of primes indicate the posi-

tion of the attenuator as counted from the generator.
Eq. (7) may be written as

A — Ai=er — &2 = ey 9
This form is equivalent to considering the combination

attenuator as a single attenuator at two different at-
tenuation settings, and ¢ can therefore be evaluated as
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smaller limits of mismatch error than the addition of the
separate limits of mismatch error for attenuation at the
initial and final settings.

The total error in cascading variable® attenuators in
a mismatched system is then € --€;, where ¢, is the error
caused by interactions of reflections from the generator,
combination attenuator, and the load, and e is the
error caused by interactions of reflections from the indi-
vidual attenuators.

The scattering matrix of the combination attenuator
is used to evaluate the component ¢ of the mismatch
error according to (10). This is readily obtained in terms
of the scattering matrices of the individual attenuators
through use of the 7" matrices.” The 7" matrix for a com-
bination of » cascade-connected attenuators may be
written as

k=1
T = H T}c,

k=n

(11)

where the T are the matrices for the individual at-
tenuators. This T matrix is the inverse of the 4 matrix
used in Ref. 3. The scattering matrix, S, for the two-arm
junction is related to the T matrix as follows:

1

- T

1
and T'=—-

Sl2

—Ta 1
L T

S122 529811 Saz (12)
—Su 1

when reciprocity in the form S,,=S,, is assumed. The
necessary characteristics of the combination of attenu-
ators needed to evaluate the error by (10) are I'; and
Sz2. These may be obtained by use of (11) and (12), and
the expression

I'=35

and

. . Sy22T
the mismatch error in a relative attenuation measure- Ty= Sy 4+ —2"F (13)
ment with a single attenuator. This component of mis- 1 — Sul's
L .
;ﬁ?&affggrmza;bl;ejvr;ittz:zf: by Beatty" and for this The results for two attenuators in cascade are
(1 — U’I‘;I‘g)(l —_ (I)Szer) =S, (512')2511"(1 ““522"I‘L)+(S12')2(S12")2PL (14)
= 1=011 7 s
e = 20 logi (1 — O Tl — ©SeTp) |’ (10) (1=S2"" T 1) (1 —=S1/""S22") —Sss'(S12')2T' L
. . - d
where the front superscripts () and (f) refer to the initial an
and final values, respectively, and where T’y is the input Sor = Sur? S25/(S127")2
reflection coefficient of the combination attenuator when 2= Su + 1< 50"Sw (15)
terminated with an equivalent detector having a re-
flection coefficient I'z. Also, T'¢ is the reflection coeffi- and for three attenuators in cascade, they are
. (S12)2{Su”[(1 — Sae/S1a"") (1 —S2g"'T'1) —Sas (Saz""")*T' 1] +S5u""(S12")2(1 = Sas" T 1) 4 (S12”") 2(S12™") 2T} 16)
11T (1 -—Szz"'PL) [(1 _5221511//) (1 —522”511,”) "‘522,(512”)2311,”] —_ (512’”)2I1L[S22H(1 _511,,522,) +5221(512,I)2] 2
Soe = S’ + (Su”’)2{522,(512”)2 +S2"(1 - SIIHS22')} 17

cient of the equivalent generator, and Sy is an element
of the scattering matrix, .S, of the combination attenu-
ator. It should be recalled that this expression gives

& C. G. Montgomery, op. cit., Ch. 14.

(1 —_ S221511H)(1 —_ Sll”’S22”) — S22’511",(Sl2,,)2)

® The same analysis applies to cascaded-fixed, or a combination of
fixed and variable attenuators in a mismatched system by using the
appropriate forms of (8) and (10).

7 C G. Montgomery, R. H. Dicke, and E. M. Purcell, “Principles
of.Mlcrowave Circuits,” Mass. Inst. Tech. Rad. Lab. Ser., McGraw-
Hill Book Co., Inc., New York, N. Y., vol. 8, Ch. 5; 1948.
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where the primed S's are the scattering coefficients of
the individual attenuators, where the number of primes
indicates the position of the attenuator as counted from
the generator end where I'; is the equivalent reflection
coefficient of the detector, and where reciprocity in the
form S,,=.S,, has been assumed.

Substitution of (14) and (15) into (10) gives the ex-
pression for the component ¢ of the mismatch error for
two variable attenuators in cascade. Similarly, substi-
tution of (16) and (17) gives the corresponding expres-
sion for the case of three variable attenuators in cascade.

Assuming that the phases of the individual coefficients
of (8) and (10) are not known and that they can have
any possible value, the actual values of the error com-
ponents cannot be determined, but limits may be
found. Such a limit is a conservative figure, and a closer
estimate of the actual error may be obtained if one de-
termines the phases of the individual coefficients. The
limits of € and e; may be added to obtain limits of the
mismatch error, er, since the phases of the coefficients
in (8) and (10) can take on values so that each com-
ponent of mismatch error is simultaneously at its maxi-
mum possible value.

GRAPHICAL PRESENTATION OF RESULTS

One of the factors taken into consideration, in con-
structing the graphs, was the ease of obtaining an esti-

LIMITS OF MISMATCH ERROR, DECIBELS

VSR (05 = 0 =035 -035)

Fig. 1—Variation with range of measurement in limits of mis-
match error, er, for two variable attenuators in cascade.
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mate of the limits of the mismatch error. For this pur-
pose, certain assumptions to be discussed were made
concerning the scattering coefficients of the attenuators.
Since many commercially available attenuators have
similar voltage-standing-wave ratio (VSWR) character-
istics, it will become evident that these assumptions
caused very little loss in the generality of application.
The following equalities were assumed:

| Su'| = [Su”| = [Su”] = |5
= | S| = | S85"] (18)
and
| Te| = | Iu]. (19)

Furthermore, it was assumed that the phases of each
coefficient in (14)—(17) and the Si’s took on values at
the initial and final settings of the attenuators which
would give the maximum possible mismatch error (lim-
its of mismatch error). This assumption yields a con-
servative estimate of the mismatch error.

The range of the limits of the mismatch error, ez, for
two attenuators in cascade and for three attenuators in
cascade are shown in Figs. 1 and 2, respectively. The
sectors indicate how the limits of error vary with the
number of decibels to be measured and with the VSWR
of the attenuators for a number of specified equivalent
generator and detector mismatches. Eq. (18) implies

40 db

06

40 db
05

04

=3
w

©
~

LIMITS OF MISMATCH ERROR, DECIBELS

ot

0 1
1.00 1o 120

V.SWR (070} = 0F) = Oy = O3 = O3)

Fig. 2—Variation with range of measurement in limits of mis-
match error, er, for three variable attenuators in cascade.
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Fig. 8—Limits of component & of mismatch error for three attenua-
tors with equal magnitudes of Si; and Sz cascaded in a system
where og=01=1.05.
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that the VSWR corresponding to Sy or S of the at-
tenuators, which is the abscissa, has been assumed to be
the same and equal for the input and output of each
attenuator. Each sector is labeled with the appropriate
values of the VSWR associated with the equivalent
generator and detector reflection coefficients which were
assumed to be equal in (19). The ordinates are the limits
of mismatch error. These figures are presented to illus-
trate the range of limits of mismatch error to be ex-
pected in the assumed situations.

Figs. 3-6 are a series of graphs of the limits of the
component ¢ of mismatch error for two attenuators in
cascade with ¢ (=0) of 1.01, 1.05, 1.10, and 1.15, re-
spectively. o¢ and ¢ are the VSWR’s associated with
the equivalent generator and detector reflection coeffi-
cients, respectively. The VSWR'’s used as the abscissas
are the input and output VSWR’s of the variable at-
tenuators. It is assumed that these VSWR's are all
equal. The parameter for the family of curves is the
number of decibels to be measured by this technique.

Figs. 7-10 are an equivalent series of graphs of the
limits of the component ¢ of the mismatch error for the
case of three attenuators in cascade. These are appli-
cable for measurements of attenuation of 40 db or more.

Figs. 11 and 12 are graphs of the limits of the com-
ponent € of the mismatch error for the cases of two and
three attenuators in cascade. The abscissas are the
VSWR’s of the attenuators. The limits of error in this
case are independent of the load and generator mis-
matches. For the case of three attenuators in cascade,
Fig. 12 is constructed on the assumption that at least 20
db attenuation is in the middle attenuator at one of the
attenuation settings, either the initial or the final.

Uske oF THE GRAPHS

In order to use the graphs of Figs. 3-12 to estimate
the limit of error, one must know the VSWR’s of the
attenuators and of the equivalent generator and de-
tector, and the approximate number of decibels to be
measured. For an example, consider a case where 1)
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Fig. 11—Limits of component ¢ of mismatch error for two at-
tenuators with equal magnitudes of Sy and Sp,.
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the equivalent generator and detector VSWR’s are 1.03
and 1.04, respectively; 2) the three attenuators have
input and output VSWR’s of 1.15 or less; and 3) the
desired attenuation measurements are 3 db, 40 db, and
75 db, and the reference attenuators are calibrated up
to 40 db. The values of the generator and detector
VSWR'’s are used to determine which of the graphs of ¢
is to be used. One selects the graph with the nearest
available value of o ¢(=0r) which is equal to, or greater
than, the larger value of the actual load or generator
VSWR. This will give a conservative estimate of the
limits of error. In this example, the actual VSWR’s of
the generator and the detector are 1.03 and 1.04, re-
spectively, and for the case of two attenuators in cas-
cade, Fig. 4 would be selected, since it is constructed
on the assumption that both of these are 1.05. Having
selected the graph, the largest value of the VSWR at the
input or output of the attenuators is the abscissa. Typ-
ical commercially-available attenuators for rectangular
waveguide systems have maximum VSWR of 1.15 over
their entire frequency and attenuation ranges. For a
conservative estimate, then, one could use an abscissa
of 1.15 unless the actual values of the VSWR are known
to be different. The value of ¢ is different for different
values of attenuation. For a 3-db measurement it has
the value 0.11 db, and for a 40-db measurement it is
0.09 db. Note that for measurements of attenuation of
20 db or greater the component ¢ of the limits of error
does not change within the resolution of the graphs.
One determines e from Fig. 11, and it depends only
on the VSWR’s of the attenuators, and not on the
amount of attenuation or on the generator and load
mismatches. For a VSWR of 1.15, e is 0.08 db. Addi-
tion of these two components, as determined from Figs.
4 and 11, yields the limits of mismatch error, ez, of 0.19

7

LIMITS OF ERROR, DECIBELS
=3

///
1.00 1.10 120

VSR (G- 0]

0

20020 )

Fig. 12-—Limits of component e of mismatch error for three
attenuators with equal magnitudes of Sy and Sz..



1959 Jones, et al.: Nonreciprocal Structure
db for a 3-db measurement and 0.17 db for a 40-db meas-
urement.

If the three similar attenuators are connected in cas-
cade and inserted in the system, Fig. 8 shows that ¢ is
now 0.12 db for a 40-db measurement and 0.10 db for
a 75-db measurement, and Fig. 12 shows that e is 0.13
db for both measurements. Addition of these yields the
limits of mismatch error, er, of 0.25 db for a 40-db meas-
urement and 0.23 db for a 75-db measurement. These
examples are felt to be representative of conditions met
in typical rectangular waveguide systems.

for Gyrator and Isolator Applications 453

CONCLUSION

It can be seen that if maximum possible error is as-
sumed, the mismatch error increases for smaller relative
attenuation measurements.

The limit of mismatch error estimated by this method
is a conservative figure since it is based on the assump-
tion that all values of the coefficients have pliases at the
initial and final settings which give the maximum pos-
sible error. Thus, in an actual application, the mismatch
errors are very probably less than those estimated in the
examples.

A Nonteciprocal, TEM-Mode Structure for Wide-Band
Gyrator and Isolator Applications®

E. M. T. JONESt, G. L. MATTHAEIt, axp S. B. COHNY

Summary—The theoretical and experimentai operation of a
novel form of TEM transmission-line network capable of operation
over octave bandwidths is described. This network consists, basi-
cally, of a parallel arrangement of two conductors and a ferrite rod
within a grounded outer shield. The conductors may be connected in
a two-port configuration which provides, in the absence of the ferrite
rod, complete isolation from zero frequency to the cut-off frequency
of the first higher mode. With an unmagnetized ferrite rod properly
inserted, the broad-band isolation is virtually unaffected. When the
rod is magnetized by an axial magnetic field, coupling occurs between
the two ports by a process analogous to Faraday rotation.

The device may be used as a broad-band gyrator, switch, or
modulator, and with the addition of a resistance load, as an isolator.
The bandwidth of these components is inherently limited only by the
bandwidth capability of the ferrite material itself.

I. QUALITATIVE DESCRIPTION OF OPERATION
Gyrator Network

HE form of the nonreciprocal TEM transmission-
j‘l. linenet work that functions as a wide-band gyra-
tor, switch, or modulator is illustrated in Fig. 1.173

It consists of a pair of shielded, coupled transmission
lines and an axially oriented ferrite pencil. This circuit
behaves, in the absence of the ferrite rod, as an all-stop
filter; Z.e., infinite attenuation theoretically exists be-
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manuscript received, June 19, 1959.
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RECORD, pp. 99-105; March, 1956.

3 H. Boyet and H. Seidel, “Analysis of nonreciprocal effects in
an N-wire ferrite-loaded transmission line,” Proc. IRE, vol. 45,
pp. 491-495; April, 1957,

tween the two ports at all frequencies.* For the network
to be an all-stop filter, it is necessary that one of the
coupled lines be open-circuited and the other short-
circuited, in the manner shown in the figure, and that
the phase velocity of the even and odd modes on the
coupled lines be the same. Both these conditions are
satisfied when the ferrite is properly oriented in the
plane of symmetry between the coupled lines. The
proper position of the rod is quite independent of fre-
quency, so that the composite structure has high attenu-
ation over a wide band of frequencies.

When an axial magnetic field is applied to the ferrite
rod, it rotates the plane of polarization of the linearly
polarized transverse RF magnetic field existing along
the ferrite rod, and energy is coupled between the input
and output ports. When the axial field is increased to
the point where the RF magnetic field is rotated by 90
degrees, virtually all the energy is transferred. When the
cross section of the ferrite rod is small in terms of wave-
length, and the operating frequency is far removed from
the ferromagnetic resonance frequency, the rotation of
the plane of polarization per unit length by the ferrite
is essentially independent of frequency. Therefore, low
insertion loss is experienced over a wide frequency range.
Because the plane of polarization of the RF magnetic
field is rotated in the same sense with respect to the
positive direction of the biasing magnetic field, inde-
pendent of the direction of propagation through the

¢E.M. T Jonesand J. T. Bolljahn, “Coupled-strip-transmission-
line filters and directional couplers,” IRE Trans. oN MIiCROWAVE
THEORY AND TECHNIQUES, vol. M'TT-4, pp. 75-81; April, 1956.



